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We study how the stability of spherical crystalline shells under external pressure is influenced by
the defect structure. In particular, we compare stability for shells with a minimal set of topologically-
required defects to shells with extended defect arrays (grain boundary “scars” with non-vanishing net
disclination charge). We perform Monte Carlo simulations to compare how shells with and without
scars deform quasi-statically under external hydrostatic pressure. We find that the critical pressure
at which shells collapse is lowered for scarred configurations that break icosahedral symmetry and
raised for scars that preserve icosahedral symmetry. The particular shapes which arise from breaking
of an initial icosahedrally-symmetric shell depend on the Fo¨ppl-von Ka´rma´n number.
I. INTRODUCTION
Thin elastic shells with spherical topology are ubiqui-
tous in nature. Examples span a vast range of length
scales: viral capsids [1] and nanocages [2] at the nano-
scale, pollen grains [3] at the micro-scale, ping-pong balls
[4] and stadium domes in the centimeter to decameter
range and the Earth’s crust on the scale of the entire
planet. Despite the breadth of scales, all such shells may
be considered thin, as measured by their thickness h in
terms of their linear size R (i.e., h/R  1). As for thin
plates, the mechanics of shells can be described in a con-
tinuum approach that expands the elastic energy in pow-
ers of the thickness [5]. The resulting theory is non-linear
even in the limit of small strains, as bending deformations
(O(h3)) [6] play a significant role. In contrast to plates,
however, any deformation of a shell couples stretching
and bending [7, 8], with remarkable consequences for the
effect of thermal fluctuations on the material properties
of the shell [9]. This is a consequence of the so-called
geometric rigidity of the sphere [8] - any deformation of
the sphere is accompanied by a change of the local Gaus-
sian curvature. The Gaussian curvature and the metric
of a surface are intimately related (as recognized over two
centuries ago by Gauss [10]), and any change of Gaussian
curvature will lead to changes in the metric, resulting in
stretching or compression.
The situation is particularly striking if the shell is small
enough that its crystalline structure plays a role. It is
well known that perfect crystalline order is incompati-
ble with spherical topology. In other words, it is not
possible to cover a two-sphere with identical particles
such that each one has exactly six equidistant nearest
neighbors. Instead one needs to introduce topological
defects - special points that have coordination number
different than six. More precisely, topology requires that∑
i (6− ci) = 6χ = 12 for any triangulation of a two-
sphere, where ci is the coordination number of vertex i
∗ Correspondence should be sent to:bowick@phy.syr.edu
and χ = 2 is the Euler characteristic of the two-sphere.
The quantity qi = 6− ci is called the disclination charge
and measures the departure from the perfect triangular
order of the plane. Provided we restrict ourselves to the
energetically preferred charge q = ±1 disclinations, the
topological constraint becomes N+1 −N−1 = 12 and we
see that a spherical crystal must have at least twelve
+1 disclinations. These disclinations may also be viewed
as singular concentrations of Gaussian curvature and in
essence screen it [11], thus lowering the elastic stress.
With the defects being inherently discrete this screening
cannot be perfect and the crystal will retain a certain
level of residual stress even in the ground state. This
has profound consequences for the mechanical behavior
of the shell.
Limited to the minimal set of defects, the twelve discli-
nations repel each other, much like electric charges in two
dimensions, and arrange themselves to minimize the total
energy. For an icosadeltahedral triangulation, the defects
are located at the twelve vertices of an inscribed icosahe-
dron and all possible crystal lattices can be constructed
following the prescription of Caspar and Klug [12]. In
this approach each lattice is labelled by a pair of integers,
(p, q) that together form the T -number, T = p2+pq+q2,
with the total number of lattice sites being given by
N = 10T + 2. For a sufficiently large number of par-
ticles, however, and provided the defect core energy is
not very high, the ground state of a spherical crystal will
have finite-length grain boundary scars of tightly bound
5 − 7 pairs radiating from the original +1 disclinations
[13, 14]. This phenomenon was also observed earlier [15]
in a study of the Thomson problem [16] of determining
the ground state of classical electrons interacting with
a repulsive Coulomb potential on the surface of a two-
sphere. Scars have been observed experimentally in col-
loidal suspensions on spherical droplets - colloidosomes
[17, 18] - and in bubble rafts on a paraboloidal surface
[19].
If allowed to deform the shell can relieve some of the
residual stress caused by the disclination defects by buck-
ling. This was first discussed by Seung and Nelson [20] in
the context of a single planar disclination. They showed
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2that for a sufficiently large disclination radius R it is ener-
getically favorable to buckle into a cone with the apex at
the disclination. The system reduces its stretching energy
at the expense of gaining some bending energy. The tran-
sition occurs as the ratio of the energy scales that control
the relative strength of bending vs. stretching, the so-
called Fo¨ppl-von Ka´rma´n number γ = Y R2/κ ∝ (Rh )2,
exceeds a critical value of ≈ 154 (Y ∝ h is the two-
dimensional (2D) Young’s modulus and κ ∝ h3 is the
bending rigidity). On a sphere, the same mechanism
drives a simultaneous buckling of all 12 disclinations lead-
ing to a transition from a sphere to an icosahedron [21].
The transition is rounded compared to the flat case, and
shifted to slightly higher values of γ. Buckling into an
icosahedron is quite robust and is not qualitatively af-
fected by imposing volume constants [22] or by the pres-
ence of scars [23].
The stability of thin crystalline shells under external
pressure is at present only partly understood. Physical
examples include suspensions of viruses in solution [22]
and drug-delivery microcapsules in a flow [24]. The elas-
tic theory of shells predicts the mechanical response of an
ideal spherical shell under external pressure [6]. On mi-
croscopic scales crystalline order and defects may affect
the stability of crystalline shells under external pressure.
The paper is organized as follows. In Section II we
present a discrete model for a shell under pressure. In
Section III we analyze this model using Monte Carlo sim-
ulations and discuss how the critical pressure at which the
shell collapses is related to the symmetry of the scars. In
Section IV we use spherical harmonic expansion to char-
acterize symmetries of collapsing shells. Finally, in Sec-
tion V we summarize the main results and reflect on the
possible extensions of this work.
II. MODEL
In thin plate elasticity theory, a deformation is repre-
sented by an in-plane displacement vector field u (r) =
(u1, u2) and an out-of-plane displacement (“deflection”)
field f (r), which map the point (x1, x2, 0) in the refer-
ence state to (x1 + u1, x2 + u2, f). The elastic energy of
an isotropic thin plate is the sum of a stretching and a
bending energy [5, 7], Fel = Fs+Fb. In the regime of lin-
ear response, i.e., for small strains, the stretching energy
is
Fs =
1
2
∫
dS
(
2µu2ij + λu
2
kk
)
, (1)
where
uij =
1
2
(∂iuj + ∂jui + ∂iuk∂juk + ∂if∂jf) (2)
is the exact form of the strain tensor (indices run over
1 and 2) and the displacement fields are evaluated along
the center surface. For small displacement gradients, the
terms quadratic in uk could be neglected but the term
quadratic in f needs to be retained as there is no term
of lower order in f . µ and λ are the 2D Lame´ coefficients
and the integral is over the area of the reference state.
The 2D Young’s modulus Y = Eh (E being the full three-
dimensional Young’s modulus) and Poisson ratio ν can
be expressed in terms of the 2D Lame´ coefficients as [20]
Y =
4µ (µ+ λ)
2µ+ λ
, ν =
λ
2µ+ λ
. (3)
The bending energy is
Fb =
1
2
κ
∫
dS
((∇2f)2 − 2 (1− ν) det (∂i∂jf)) , (4)
where κ = Eh3/12
(
1− ν2) [5] is the bending rigidity.
In terms of f , twice the mean curvature H and Gaus-
sian curvature K (H = 1/R1 + 1/R2, K = 1/R1R2, with
R1 and R2 being the principal radii of curvature, respec-
tively) can be written as [25]
H = ∇ ·
(
∇f√
1 + |∇f |2
)
, K =
det (∂i∂jf)
(1 + |∇f |2)2 . (5)
For small |∇f |,
H ≈ ∇2f, K ≈ det (∂i∂jf) , (6)
and the bending energy Fb can be rewritten in the form
of the Helfrich bending energy as
Fb ≈
∫
dS
(
1
2
κH2 + κGK
)
, (7)
where κG = −Eh3/12 (1 + ν) is the Gaussian rigidity.
Within a discretized model where the flat plate is rep-
resented as a perfect triangular lattice, upon deforma-
tion, the stretching energy is given as [20, 21, 26]
Fs =
ε
2
∑
〈ij〉
(|ri − rj | − a)2 , (8)
and the bending energy is given as
Fb =
κ˜
2
∑
〈IJ〉
(nˆI − nˆJ)2 , (9)
where 〈ij〉 denote pairs of nearest neighbor vertices, with
positions ri in the embedding three-dimensional space. a
is the equilibrium distance (the spacing in the flat state)
and ε is the elastic spring constant. κ˜ is the discrete
bending modulus and 〈IJ〉 denote pairs of nearest neigh-
bor triangular plaquette, with unit normals nˆI . In the
continumm limit of a sufficiently large number of trian-
gular plaquettes, it has been shown that in infinitesimal
elasticity regime Y = 2ε/
√
3, ν = 1/3 [20, 26] and for
3isometric immersions, Eq. (9) becomes [26]
Fb =
κ˜
4
√
3
∫
dS
(
3H2 − 8K) , (10)
which has the form of Eq. (7), with κ =
√
3κ˜/2 and
κG = −4κ/3. Eq. (10) provides a good approximation
to the energy in bending-dominated deformation regime
(an almost isometric immersion, a perfect isometric im-
mersion implies pure bending and K ≡ 0) and general
surfaces can be triangulated with an almost isometric
immersion by a partition of the surface into regions of
area on a mesoscopic scale and allowing for defects in
the reference lattice along the boundary of these regions
[26].
In the numerical simulation we consider a discrete tri-
angulated shell with the elastic energy being a sum of the
stretching and bending energies given in Eqs. (8) and (9).
Shells without scars are constructed using the Caspar-
Klug procedure (i.e., in terms of (p, q) pairs), with the
equilibrium distance a being chosen as the mean value
of all edge lengths over the entire triangulation (due to
spherical topology not all edges can have equal length)
and radii rescaled such that a = 1. Shells with scars
have the same total number of vertices and initial radii as
shells without scars, with the connectivity matrix taken
from the Thomson problem database [27]. To eliminate
possible effects of thermal fluctuations, i.e., in the zero
temperature limit, we set kBT = 10
−11 and κ˜ = 1 (in
units of energy) in all simulations. The low energy con-
figurations are found using the Monte Carlo method for
different values of ε (in unit of energy/a2). During the
simulation the connectivity of the triangular mesh is held
fixed as the shell’s shape changes. In other words, we
assume that the defects are frozen, consistent with the
much slower defect dynamics compared to shape relax-
ation [28].
III. NUMERICAL RESULTS
With the triangulation for shells without scars built
following the (p, q) structure and the connectivity ma-
trix for shells with scar defects being that of the lowest
energy configuration found for the Thomson problem, we
start by noting that, in the absence of external pressure,
the equilibrated scarred shells have lower elastic energy
compared to the equilibrated non-scarred shells for small
values of ε. As ε increases, shells without scars may re-
lease some stress by buckling at the twelve disclinations
[21] and find configurations with lower elastic energy than
those formed by shells with scars.
As we do not focus on the global energy minimum
state of shells in the absence of external pressure, as
studied in Ref. [23] or its evolution as a function of ex-
ternal pressure, which would require simultaneous relax-
ation of both the topography and connectivity (i.e., al-
low for defect motion), we only study how the symmetry
of the scar distribution in the initial configuration affects
shell’s tendency to succumb to pressure. We assume that
the crystalline lattice on shells without scars always have
icosahedral symmetry while shells with scars may break
this symmetry. We therefore compare how shells without
and with scars deform if the pressure is applied quasi-
statically. We present results of shells with N1 = 642
((p, q) = (8, 0)) and N2 = 1212 ((p, q) = (11, 0)) as
generic examples of cases where scars, respectively, break
and preserve the icosahedral symmetry.
Fig. 1 shows some examples of equilibrated shells in
the absence of external pressure. In the N1 = 642
case, the scar-free lattice has an (8, 0) structure, while
the shells with scars have twelve five-seven-five scars of
C2 symmetry due to their mutual orientation. In the
N2 = 1212 case, shells without scars have an (11, 0) struc-
ture while shells with scars have twelve identical star-like
scars which preserve the icosahedral symmetry. For shells
without scars the mean “asphericity” [21] (i.e., the devia-
tion from a perfect spherical shape) departs significantly
from zero when γ & 102.
In the presence of an external hydrostatic pressure P ,
an additional term, PV , has to be added to the elas-
tic energy functional, such that Ftot = Fel + PV . To
quantify the deformation of shape, we first introduce a
dimensionless parameter β = (36pi)
1
6 V
1
3 /A
1
2 , where V
and A are volume and surface area, respectively. β pro-
vides a quantitative measure of the extent of convexity
of the shell, with β = 1 for a sphere and β ≈ 0.969 for an
icosahedron. β decreases as the shell deflates under pres-
sure. In our simulations, we set a lower limit βmin = 0.6
to avoid unphysical self-intersections when the system is
close to full collapse. We find that for small values of
ε, shells collapse discontinuously to βmin, as shown in
Fig. 2(a). The discontinuity defines a critical pressure
Pc at which the shell can no longer retain its shape and
collapses. For larger values of ε shells collapse in stages,
as shown in Fig. 2(b). In this case we define Pc as the
pressure at the first collapse. For even larger values of
ε the collapse tends to become continuous and a defi-
nition of the critical pressure becomes more ambiguous.
Here we only consider values of ε for which Pc can be
unambiguously defined. In the N1 = 642 ((p, q) = (8, 0))
case, shells without scars always have a higher value of
Pc, as shown in Fig. 3(a). In contrast, shells with scars
appear to always have a higher critical pressure in the
N2 = 1212 ((p, q) = (11, 0)) case, as shown in Fig. 3(b).
In both cases, in the regime of small ε, where the mean
“asphericity” does not depart significantly from zero in
the absence of external pressure, the critical pressures are
close to the buckling pressures p ≡ 4√κY /R2 of an ideal
spherical shell, as predicted by continuum elastic theory
[6, 9].
4FIG. 1. (Color online) (a)-(d) Shells without scars have a
(p, q) = (8, 0) lattice structure (left) and shells with scars have
twelve 5− 7− 5 scars of C2 symmetry (axis along the z direc-
tion) (right), with ε = 1 (γ ≈ 59) (up) and ε = 8 (γ ≈ 474)
(down). (e)-(h) Shells without scars have a (p, q) = (11, 0)
structure (left) and shells with scars have twelve star-like
scars of I symmetry (right), with ε = 1 (γ ≈ 112) (up) and
ε = 64 (γ ≈ 7149) (down). The total number of vertices
is N1 = 642 and N2 = 1212, respectively. Five-fold disclina-
tions are shown in red (dark) and seven-fold in yellow (bright).
Snapshots were generated using the Visual Molecular Dynam-
ics (VMD) package [29] and rendered using the Tachyon ray
tracer [30].
IV. DISCUSSION
To gain a better understanding of the critical pressure,
as an example we show in Fig. 4 the evolution of the sys-
tem energy Ftot with ε = 8 along with the corresponding
shell configurations before collapse. The system without
scars has a higher energy before collapse in the N1 = 642
case, while the system with scars has a higher energy be-
fore collapse in the N2 = 1212 case. The configurations
suggest that shells preserve their original symmetry, e.g.,
TABLE I. |Wˆl| for icosahedron and shapes in Fig 4.
|Wˆ6| |Wˆ10|
Icosahedron 0.169754 0.093967
(8,0) 0.169751 0.093951
N=642,with scars 0.117793 0.002383
(11,0) 0.169751 0.093964
N=1212,with scars 0.169751 0.093968
the symmetry in the absence of pressure, until collapse.
A more quantitative way to look at it is through spherical
harmonic expansions [21, 28]
R (θ, φ) =
∑
i
Riδ (φ− φi) δ (cos θ − cos θi)
=
∑
l,m
QlmYlm (θ, φ) , (11)
where (Ri, θi, φi) represents the spherical coordinates of
vertex i in the reference frame centered at the shell’s
center of mass. From the coefficients Qlm, one may form
two rotationally invariant quantities [31]
Ql =
(
4pi
2l + 1
l∑
m=−l
|Qlm|2
)1/2
(12)
and
Wˆl =
∑
m1,m2,m3
m1+m2+m3=0
(
l l l
m1 m2 m3
)
Qlm1Qlm2Qlm3(∑
m
|Qlm|2
)3/2 .
(13)
The coefficients
(
l l l
m1 m2 m3
)
are Wigner 3j symbols
[32]. For a shape with the icosahedral symmetry, the
{Ql} are nonzero only for l = 0, 6, 10, ... [31]. The
magnitudes of {Ql} change with shape. The {Wˆl} are
normalized so that they are independent of the overall
magnitude of the {Qlm} for a given l. The parameters
|Wˆl| are a direct index of the symmetry of a shape (see
Ref. [31] and references therein). In Fig. 4 we plot Ql/Q0
and in Table I we compare |Wˆl| with the characteristic
values for an icosahedral symmetry given in Ref. [31]. Ex-
cept for small errors that are likely to be due to numerical
accuracy, the results agree well with previous findings.
In the N2 = 1212 case, both shells preserve icosahedral
symmetry before collapse; with bonds of five-fold ver-
tices compressed, as can be seen from Fig. 5(a), scars
correspond to harder areas, thus resulting in a reduced
effective radius and a higher critical pressure.
Therefore, we argue that two mechanisms affect the
critical pressure: i) the preservation of icosahedral sym-
metry and ii) the area occupied by scars. As a further
5FIG. 2. (Color online) Evolution of the parameter β under the external pressure. (a) For small values of ε, shells collapse
directly to βmin. (b) For large ε, shells collapse in stages. In the latter case, the critical pressure is defined as the point of the
first collapse.
FIG. 3. (Color online) Critical pressure Pc for the N1 = 642 shells (a) and the N2 = 1212 shells (b). The grey lines indicate
the buckling pressure of ideal spherical shells as predicted by continuum elastic theory.
check, we break the icosahedral symmetry of configura-
tions with scars by flipping a bond of one of the twelve
star-like scars, in two ways shown in Fig. 5(b) and (c),
and find the critical pressures are lowered significantly in
both situations. We test shells with a (p, q) structure and
with the total number of vertices in the 400 to 2000 range
(see Appendix for details) and find results that align well
with expectations.
During the collapse, we find emergence of configura-
tions with a broken icosahedral symmetry. Fig. 6 shows
configurations at β = 0.8. With ε increasing, the shell
at first appears to retain a regular shape, e.g., a disk, a
three-fold deflated American football, a concave tetrahe-
dron or a squashed cube. The appearance of these shapes
is not surprising since the icosahedral symmetry contains
six 5-fold axes, ten 3-fold axes and fifteen 2-fold axes. In
addition, an icosahedron can be decomposed into three
orthogonal rectangular planes [31]. As ε increases fur-
ther, irregular shapes with more ridges start to appear.
These account for most of the bending energy but help
to lower the overall stretching energy. A Landau-like
theory of phase transitions has been constructed for the
emergence of a cubic-like shape during the collapse of an
icosahedral shell [28]. In the energy plot Fig. 6(f), the
reference line at ε = 8 lies above the elastic energy at
other ε values. Except for small fluctuations, we find
the situation is similar for references lines at other values
of ε, which indicates the configuration at a certain ε is
favored compared with other configurations.
V. SUMMARY AND CONCLUSIONS
We used numerical simulations to show that the topo-
logical scars present in the crystalline lattice of thin shell
with spherical topology affect shell’s ability to sustain
external hydrostatic pressure. Furthermore, we demon-
strated that the distribution of the scars within the lat-
tice, i.e., their symmetry, non-trivially affects shells’ re-
sistance to pressure. We find that the critical pressure
at which shells collapse is lowered when the scar distri-
bution breaks the icosahedral symmetry and raised when
symmetry is preserved. We find that the isotropic pres-
sure will not alter the symmetry of shells before collapse.
6FIG. 4. (Color online) Plots of the evolution of the system energy Ftot for N1 = 642 shells with ε = 8 (a) and N2 = 1212
shells with ε = 8 (b). (c)-(f) Corresponding configurations for shells before collapse. (g)-(h) Histograms of Ql/Q0 for the
configurations.
FIG. 5. (Color online) (a) One of the twelve star-like scars. (b)-(c) Two ways of breaking the icosahedral symmetry by flipping
a bond.
7FIG. 6. (Color online) (a)-(e) Configurations of (8, 0) shells at
β = 0.8 during collapsing, with ε = 1, 2, 4, 8, 128, respectively.
Color represents local bending energy. (f) Energies plotted vs
ε. The reference line at ε = 8 shows the elastic energy keeping
the configuration at ε = 8 frozen while varying ε.
The emergence of shapes with a broken icosahedral sym-
metry during collapse for shells starting with icosahedral
symmetry is a function of ε/κ˜ (FvK number γ with fixed
R), with more ridges that concentrate bending energy
present to lower the stretching energy for high ε/κ˜.
This is yet another example of a problem in which the
frustration caused by the incompatibility between order
TABLE II. Symmetries of the corresponding scarred shells.
N (p, q) point
group
N (p, q) point
group
432 (6, 1) D3 1242 (10, 2) C1
482 (4, 4) C2 1272 (7, 6) T
492 (5, 3) C2 1292 (8, 5) =
492 (7, 0) C2 1332 (9, 4) I
522 (6, 2) C2 1332 (11, 1) I
572 (7, 1) D3 1392 (10, 3) C1
612 (5, 4) C2 1442 (12, 0) C1
632 (6, 3) D3 1472 (11, 2) C2
642 (8, 0) C2 1472 (7, 7) C2
672 (7, 2) C1 1482 (8, 6) T
732 (8, 1) T 1512 (9, 5) I
752 (5, 5) C2 1562 (10, 4) =
762 (6, 4) C2 1572 (12, 1) I
792 (7, 3) T 1632 (11, 3) I
812 (9, 0) C2 1692 (8, 7) I
842 (8, 2) C1 1692 (13, 0) I
912 (6, 5) C1 1712 (9, 6) =
912 (9, 1) C1 1722 (12, 2) =
932 (7, 4) C1 1752 (10, 5) I
972 (8, 3) Th 1812 (11, 4) =
1002 (10, 0) T 1832 (13, 1) I
1032 (9, 2) C1 1892 (12, 3) =
1082 (6, 6) D5 1922 (8, 8) =
1092 (7, 5) T 1932 (9, 7) I
1112 (10, 1) C1 1962 (10, 6) =
1122 (8, 4) C1 1962 (14, 0) =
1172 (9, 3) C1 1992 (13, 2) =
1212 (11, 0) I
and underlying geometry causes very non-trivial behav-
ior, with a rich variety of shape patterns with no flat
space analogues. In this study we have concentrated on a
somewhat simpler case of frozen defects and only examine
response of the geometry to the external perturbation. It
would be interesting, yet substantially more complicated,
to explore how the defect distribution evolves as a shell
deforms.
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Appendix A: Symmetries of various shell
configurations
Table II shows the (p, q) pairs of shells without scars,
with the number of vertices N in the range from 400 to
82000 and the point groups the corresponding scarred con-
figurations belong to [33], with the connectivity matrix
taken from the Thomson problem database [27]. “ = ”
indicates the configuration with scars is the same as the
configuration without scars, i.e., only twelve disclinations
present. In all cases except the (8, 3) case, we find that
within a clear definition, the critical pressure at which
shells collapse is lowered for scars that break icosahedral
symmetry and raised for scars that preserve icosahedral
symmetry. In the (8, 3) case, shells with scars have a
higher critical pressure for certain ε range, we think this
is partly due to Th being a high order symmetry and
partly due to it having a relatively large scar area.
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